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Abstract. A black hole can emit radiation called Hawking radiation. Such radiation seen by
an observer outside the black hole differs from the original radiation near the horizon of the
black hole by the so-called “greybody factor”. In this paper, the bounds of the greybody factors
for the Reissner-Nordstro¨m black holes are obtained. These bounds can be derived by using the
2× 2 transfer matrices. It is found that the charges of black holes act as good barriers.
1. Introduction
A black hole was believed to have been associated with the concept that anything which entered
the black hole cannot escape. In 1974, Stephen Hawking, however, showed that a black hole
could indeed emit radiation, which became known as the Hawking radiation [1]. He discovered
this radiation by studying quantum field theory in a black hole background. Hawking radiation
results from one particle from pair production moving out of the black hole. According to
general relativity, the spacetime around a black hole behaves as gravitational potential under
which particles move. Some of the radiations are reflected back into the black hole and the
rest are transmitted out of the black hole. Therefore, Hawking radiation before passing the
gravitational potential is different from one after passing the potential. This difference can be
measured by the so-called “greybody factor”.
There has been a number of studies devoted to calculating the greybody factors [2, 3, 4, 5, 6, 7].
Moreover, one interesting technique, the 2×2 transfer matrix, which is used to derive a rigorous
bound on the greybody factors, was studied in [8, 9, 10]. By using this method, the bounds of
the greybody factors of the four-dimensional Schwarzschild black holes was obtained [11]. In this
paper, we derive the bounds of the greybody factors of the four-dimensional Reissner-Nordstro¨m
black holes by using the 2× 2 transfer matrix.
2. Black holes
2.1. The Schwarzschild black holes
The Schwarzschild metric in four dimensions is given by
ds2 = −f(r)dt2 + f−1(r)dr2 + r2dΩ2, (1)
where dΩ2 ≡ dθ2 + sin2 θdφ2 and
f(r) ≡ 1−
2GM
r
. (2)
The Regge-Wheeler equation is
d2ψ
dr2
∗
+
[
ω2 − V (r)
]
ψ = 0, (3)
where
V (r) = f(r)
[
l(l + 1)
r2
+
2GM
r3
]
, (4)
and the tortoise coordinate r∗ is given by
dr
dr∗
= 1−
2GM
r
. (5)
The structure of the Schwarzschild potential with l = 1 and GM = 2 is shown in Figure 1.
2.2. The Reissner-Nordstro¨m black holes
The Reissner-Nordstro¨m metric in four dimensions is given by
ds2 = −∆dt2 +∆−1dr2 + r2dΩ2, (6)
where
∆ ≡ 1−
2GM
r
+
GQ2
r2
. (7)
If there are no electric charges, the Reissner-Nordstro¨m metric is reduced to the Schwarzschild
metric (1). The only difference between the Reissner-Nordstro¨m black holes and the
Schwarzschild black holes is the presence of charges. The Schro¨dinger like equation is
d2ψ
dr2
∗
+
[
ω2 − V (r)
]
ψ = 0, (8)
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Figure 1. The Schwarzschild potential with l = 1 and GM = 2.
where
V (r) =
l(l + 1)∆
r2
+
∆∂r∆
r
. (9)
The tortoise coordinate r∗ is given by
r∗ =


r +GM ln
∣∣u2 −A2∣∣+ G2M2 +A2
2A
ln
∣∣∣∣u−Au+A
∣∣∣∣ , GM2 > Q2
r +GM ln
∣∣u2 +B2∣∣+ G2M2 −B2
B
arctan
u
B
, GM2 < Q2
r +GM ln
∣∣u2∣∣− G2M2
u
, GM2 = Q2
, (10)
where
u ≡ r −GM
A2 ≡ G2M2 −GQ2 (11)
B2 ≡ −G2M2 +GQ2.
The black holes with GM2 < Q2 are unreal and unphysical. Thus, we do not consider them.
The black holes with GM2 = Q2 are extreme. The extremal black holes are useful in some
theories, especially in supersymmetric theories. We do not consider these black holes in this
paper. We focus only on the black holes with GM2 > Q2.
We can see the structure of the Reissner-Nordstro¨m potential with Q = 1, l = 1, and GM = 2
from Figure 2.
3. The bounds of the greybody factors
The bounds of the greybody factors using the 2× 2 transfer matrix are given by [8, 9, 10]
T ≥ sech2
(∫
∞
−∞
ϑdr∗
)
(12)
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Figure 2. The Reissner-Nordstro¨m potential with Q = 1, l = 1, and GM = 2 compared to the
Schwarzschild potential with equal mass and angular momentum.
and
R ≤ tanh2
(∫
∞
−∞
ϑdr∗
)
, (13)
where
ϑ ≡
√
(h′)2 + (ω2 − V − h2)2
2h
, (14)
for some positive function h. We set h = ω, then
T ≥ sech2
(
1
2ω
∫
∞
−∞
V (r)dr∗
)
(15)
and
R ≤ tanh2
(
1
2ω
∫
∞
−∞
V (r)dr∗
)
. (16)
3.1. The Schwarzschild black holes
For the potential from (4), the bounds of the greybody factors are given by [11]
T ≥ sech2
[
2l(l + 1) + 1
8GMω
]
(17)
and
R ≤ tanh2
[
2l(l + 1) + 1
8GMω
]
. (18)
3.2. The Reissner-Nordstro¨m black holes
For the potential from (9), the bounds of the transmission probabilities are given by
T ≥ sech2
[
1
2ω
{
l(l + 1)
GM +A
+
GM + 2A
3(GM +A)2
}]
(19)
and
R ≤ tanh2
[
1
2ω
{
l(l + 1)
GM +A
+
GM + 2A
3(GM +A)2
}]
. (20)
If the black holes have no electric charges, it is found that A = GM and the above bounds are
reduced to
T ≥ sech2
[
2l(l + 1) + 1
8GMω
]
(21)
and
R ≤ tanh2
[
2l(l + 1) + 1
8GMω
]
, (22)
which are exactly the bounds for the Schwarzschild black holes (17) and (18). From Figure 3
and 4, the graphs are plotted by setting GM = 2, Q = 1, and l = 1. The graphs show that
for the Reissner-Nordstro¨m black holes and the Schwarzschild black holes with equal mass and
angular momentum, the greybody factor of the Reissner-Nordstro¨m black holes is less than one
of the Schwarzschild black holes. Since the difference between the Reissner-Nordstro¨m black
holes and the Schwarzschild black holes with equal mass and angular momentum is the presence
of charges only, it follows that the charges of the Reissner-Nordstro¨m black holes block the
Hawking radiation.
4. Conclusions
In this paper, we obtain the bounds on the greybody factors by using the 2× 2 transfer matrix
for the Reissner-Nordstro¨m black holes compared with ones for the Schwarzschild black holes
with equal mass and angular momentum in four dimensions. It is found that the charges of the
Reissner-Nordstro¨m black holes behave as good barriers.
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Figure 3. Comparison of the bounds of the transmission probabilities of the Reissner-Nordstro¨m
black hole and the Schwarzschild black hole with equal mass and angular momentum.
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Figure 4. Comparison of the bound of the reflection probabilities of the Reissner-Nordstro¨m
black hole and the Schwarzschild black hole with equal mass and angular momentum.
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